We derive phase-matching conditions for four-wave mixing between solitons and linear waves in optical fibers with arbitrary dispersion and demonstrate resonant excitation of new spectral components via this process. © 2004 Optical Society of America OCIS codes: 190.4370, 190.5530. The use of any optical system, including f ibers, for frequency conversion relies on the ability to satisfy so-called phase-matching conditions, which depend critically on the dispersive properties of the system, and on strong enough nonlinearity to allow a reduction in the threshold pump power. The recent surge of interest in theoretical and experimental studies of optical parametric processes in photonic crystal f ibers 1 -8 (PCFs) is related to their high nonlinearities, achieved by reduction in core size, 9 and to the possibility of dispersion control by suitable design of the f iber core and photonic crystal cladding.
The use of any optical system, including f ibers, for frequency conversion relies on the ability to satisfy so-called phase-matching conditions, which depend critically on the dispersive properties of the system, and on strong enough nonlinearity to allow a reduction in the threshold pump power. The recent surge of interest in theoretical and experimental studies of optical parametric processes in photonic crystal f ibers 1 -8 (PCFs) is related to their high nonlinearities, achieved by reduction in core size, 9 and to the possibility of dispersion control by suitable design of the f iber core and photonic crystal cladding. 2 Here we study parametric generation of new frequencies resulting from four-wave mixing (FWM) of solitons and continuous waves (cw's) in optical f ibers under conditions in which the effects of higher-order dispersion are important, i.e., when pulses are short and (or) the frequency dependence of the groupvelocity dispersion (GVD) is steep. Interest in this problem arises from the fact that the Fourier components of a soliton are dispersionless, while freely propagating cw's are strongly dispersive. Therefore the phase-matching conditions are expected to be satisf ied at frequencies different from those generated by the mixing of cw's. Addressing this issue is timely because of the availability of strongly nonlinear small-core PCFs, 7, 9 which decrease the threshold for observing parametric processes by 1 to 2 orders of magnitude compared with that for conventional fibers:
, where g is the nonlinear fiber parameter. 10 Strongly nonlinear PCFs have already been used to demonstrate the coupling of solitons and cw radiation in supercontinuum generation 1, 6 ; strong red and blue resonant, or Cherenkov, radiation from solitons 6 -8 ; and cancellation of the soliton self-frequency shift by the spectral recoil. 7, 8 Note that it is natural to expect that FWM of solitons and cw radiation is one of the many nonlinear processes contributing to the shape of the supercontinuum spectra.
The problem of mixing solitons and cw's using an ideal nonlinear Schrödinger equation, i.e., with higher-order dispersion disregarded, was analyzed in a number of papers in the past. 11 -16 In these cases several exact analytical solutions for a soliton sitting on the cw background were found 15, 16 and different perturbation techniques were suggested. 11 -14 However, none of these studies addressed the issue of generation of new frequencies by mixing solitons and cw light, which is the central focus of this Letter.
We assume that the dynamics of the dimensionless amplitude A͑t, z͒ of the fundamental f iber mode is governed by the generalized nonlinear Schrödinger equation
The dispersion operator in Eq. (1) is given by
where t is the pulse duration and v 0 is the reference frequency. To avoid any ambiguity in the analytical expressions we adopt the convention of using parentheses ͑. . .͒ to indicate the arguments of functions or operators and ͓. . .͔, ͕. . .͖ for all other purposes. R͑t͒ is the response function of the material, which includes instantaneous Kerr and delayed Raman nonlinearities:
Here D͑t͒ and Q͑t͒ are, respectively, delta and Heaviside functions, a ͓t 1 ͞t 2 1 t 2 ͞t 1 ͔͞t 2 , u 0.18, t 1 12.2 fs͞t, and t 2 32 fs͞t. 10 t is the time in the reference frame moving with group velocity v 0 v͑v 0 ͒ and measured in units of t: t ͓T 2 z͞v 0 ͔͞t, where T is the physical time. z Z͞L GVD , where Z is the distance along the f iber and L GVD t 2 ͞jb 2 ͑v 0 ͒j is the GVD length. Field amplitude A is measured in units of ͓gL GVD ͔ 21͞2 N , where N 2 is the ratio of the peak power of the pump pulse to the peak power of a fundamental soliton with duration t.
The dispersive properties of the soliton and the linear cw are crucial for the following, so we now discuss them in detail. Looking for a linear wave solution of Eq. (1) 
We seek solutions of Eq. (1) in the form
Assuming that g is a quasi-linear wave, we derive
͔F. Now we split g into two parts:
The w term in Eqs. (7) is the weak cw pump, which obeys Eq. (6) with p F 0. The c term is the field generated through the mixing of the soliton and cw pump and by the soliton itself. Seeking c in the form c c p 1 c 1 exp͓izD͑d
and c 6 are governed by the system of coupled equations
whereL
Equation (8) does not depend on the cw pump, and it is known to describe the emission of nonlocalized dispersive waves from solitons -so-called resonant or Cherenkov radiation -in fibers with zero GVD points. 6 -8,17 -19 This radiation exists because the continuous part of the spectrum of operatorL has a zero eigenvalue, which ensures resonance with forcing term p. The operatorL 1Ŵ produces several resonances, distinct from the Cherenkov one, a situation that to our knowledge was not considered previously. These new resonances are driven by FWM between the soliton and the cw [see the left-hand side in Eq. (9)]. To find continuous spectra ofL andL 1Ŵ we neglect the F 2 terms and look for eigenfunctions in the form c p ϳ exp͑ikz 1 i͓d s 2 d͔j͒ and c 6 ϳ exp͑6ikz 6 i͓d s 2 d͔j͒, where d͞t is the frequency detuning from v 0 . Assuming that the wave numbers of c p , c 6 are matched with the wave numbers of the driving terms in Eqs. (8) and (9), i.e., k 0, we f ind
Equations (10) and (11) are the equations for d.
The roots of these equations, which can be easily found graphically, yield the frequencies of the emitted radiation. The right-hand side D͑d͒ is simply the dispersion of linear waves, which is a nonlinear function of d. The left-hand sides are straight lines. Fitting the experimentally measured dispersion characteristics of the fibers usually results in a very high-order polynomial for D͑d͒.
2,7
Here, however, we use the simplest illustrative example, when only the third-order dispersion is included, i.e., D͑d͒ 2d 2 ͞2 1 ed 3 , e ≠ v b 2 ͑v 0 ͓͒͞6tjb 2 ͑v 0 ͒j͔. This model accurately describes regions where the frequency dependence of b 2 ͑v͒ is quasi-lineartypical for telecommunications and PCF f ibers. 7, 8 Figures 1 (a) and 1(b) show plots of the right-and left-hand sides of Eqs. (10) and (11) . Equation (10) gives the Cherenkov resonance, d Cher , which does not depend on the cw pump. 6 -8,17 -19 The roots resulting from Eqs. (11), however, are determined by the cw pump. Depending on the value of d cw , Eqs. (11) following Eq. (4). Indeed, Eqs. (11) can be rewritten in the form
Here k rad and k cw are wave numbers of the resonant radiation and the cw pump, and k s/rad , k s/cw are the wave numbers of the Fourier components of the soliton at the frequencies of the resonant radiation and the cw pump. However, mixing of the soliton and the cw pump is qualitatively distinct in nature from the standard FWM, when all the participating fields are cw's. 10 Energy and momentum in the case considered above are shared among the cw pump, the emitted radiation, and the soliton as a whole, i.e., among all the Fourier components of the soliton. Therefore conservation of the total f ield momentum in our case cannot be associated with wave-number matching condition (12) involving only four wave numbers, as can be done in the standard case. are observed simultaneously. By changing d cw , s , we were able to observe all the newly predicted resonances. Theoretical analysis of this problem is possible within the framework of Eqs. (7), and we leave it for future study. The cw powers required for observation of the new FWM resonances are of the order of or less than 1 W (see the Fig. 1 caption) .
We have analyzed FWM between solitons and cw pump in fibers with higher-order dispersion and predicted the generation of new frequencies, which can be controlled by tuning the cw pump. Frequency range and power levels required for observing the effects described above are within the easy experimental reach. Therefore, in addition to their fundamental significance, our findings can have important practical implications in the generation of new frequencies and for understanding fine features of broadband supercontinua.
